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a b s t r a c t
The loadings on high temperature components are generally complex and the discreteness
of the material strength is usually great. Therefore, the two-dimensional (2D) failure
probability analysis model and the deterministic finite element method (DFEM) cannot
be applied to evaluate the failure probability of asymmetrical three-dimensional (3D)
components. To overcome the drawbacks of the 2D model and the DFEM, an efficient
3D stochastic finite element method (SFEM) is proposed in this paper. With this method,
the failure probability of components subjected to complex loadings can be estimated by
using the statistical analysis of the VonMises stresses of element nodes.Meanwhile, ANSYS
and MATLAB were employed to carry out 3D parametric modeling, solving and statistical
analysis. The proposed method is efficient, as is verified for two cases, and it can also be
easily applied in practical engineering.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Many engineering components and structures are subjected to high temperatures and pressures simultaneously,
especially in thermal power plants, boilers, and petroleum/petrochemical and other process industries [1]. Most of
these components are generally asymmetrical 3D solids, which are difficult to model with a two-dimensional model or
symmetric 3D model [2]. Furthermore, their mechanical properties deteriorate during long-term service exposure due
to microstructural degradation and cumulative damage. This means that the discreteness of the material strength is
usually great, which leads to it being difficult to meet all requirements using the deterministic finite element method.
The stochastic finite element method (SFEM) is an efficient approach for analyzing such stochastic problems [3], which
has been successfully applied in treating various problems (e.g. in solid, structural and fluid mechanics, acoustics, and
heat transfer) [4]. Stefanou reviewed the status and development prospects of SFEM. With the development of computer
technology, the advantages of using 3D SFEM [5–7] are becoming more and more obvious for stochastic problems [8,9].
Generally, there are three basic techniques practised in SFEM, which are named the Taylor expansion method (TSFEM),
the perturbation method (PSFEM) and the Neumann expansion method (NSFEM) [10]; NSFEM was proposed by Yamazaki
et al. [11]. This method is more effective when coupled with the Monte Carlo simulation technique, which is not restricted
by the range of fluctuations of random variables, occurring simultaneously. Even when the coefficient of variation is greater
than 0.2, it is still possible to obtain satisfactory results using NSFEM. In addition, this method can easily call a deterministic
finite element program or utilize a secondary development technology to develop a stochastic finite element program.
At present, there aremany powerful commercial finite element software packages (such as Nastran, ANSYS, and ABAQUS,
etc.). Stochastic problems were not fully considered at the early stages of design of these software packages, which were
simply designed to handle deterministic problems. Now the developers can only gradually develop the additional modules.
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Some stochastic finite element solutionmodules have been developed. Reh et al. [12] introduced the SFEMmodule of ANSYS.
The module can handle randomness of geometry, boundary conditions, loads and the correlation of random variables, and
it includes a powerful pre-processor and a powerful post-processor, whichmakes it seems to be the perfect stochastic finite
element analysis system. However, up to the updated version of ANSYS12.0, the calculationmethod of themodule remained
similar to the statistical analysis method that Segalman et al. [13] and Gupta and Manohar [14] proposed. Its main idea is
to sort the Von Mises stresses of nodes and thereby obtain the maximum value node, and then compare it with the sample
value of thematerial strength to determinewhether the node has failed or not. Finally, this procedure is repeatedmany times
to obtain the failure probability of components. Ghoshet and Farhat [15] also introduced a similar method of calculation of
Von Mises stresses and convergence speeds, but such a statistical method has its own shortcomings, because the failure
node is not bound to be the greatest stress node. Actually, failure may occur in the node when it is not the maximum stress
node but just happens to be located at the weakest point of the material. In contrast, failure may not occur at the maximum
stress node as a result of good material strength. Theoretically, for failure probability analysis using a 3D model, we should
take full account of the stress levels of all element nodes, as well as the discreteness of the material strength, to make the
analytical results reasonable and accurate.
To overcome the drawbacks of the 2D model and DFEM, an efficient 3D stochastic finite element method (SFEM) is
proposed in this paper. In themethod, the probability of failure of components will be estimated by using statistical analysis
of the VonMises stresses of all element nodes. Meanwhile, ANSYS andMATLABwill be employed to carry out 3D parametric
modeling, solving and statistical analysis. A numerical example will be employed to illustrate the feasibility and accuracy of
the proposedmethod, In addition, the cyclone separator of a catalytic cracker,which is an asymmetrical 3Dhigh temperature
component, will be chosen as a case study for illustrating the applied engineering effects.
2. Statistical analysis of Von Mises stresses
2.1. The Von Mises stresses of element nodes
VonMises stress is an adequate scalar measure of complex stress fields for ductile materials, and is an accepted measure
for determining the onset of plastic behaviors of metallic materials [16]. Under a complex stress state, if the deviator strain
energy υd of a material surpasses the shape variation limit value υu of the uniaxial tension of the material, plastic yield will
occur. The Von Mises stress, for a general 3D case, is expressed as
σVM =

σ 2x + σ 2y + σ 2z − σxσy − σxσz − σyσz + 3(τ 2xy + τ 2xz + τ 2yz) (1)
where: σx, σy and σz are axial stresses; and τxy, τxy and τxy are shearing stresses.
2.2. The algorithm for stochastic finite element calculation
The general equilibrium equation of a finite element can be written as [17]
KU = f (2)
in which K is the global stiffness matrix, U is the unknown displacement vector, and f is the external force vector.
Under the assumption that K , U and f contain parameters which are subject to spatial variabilities, we decompose them
into two parts:
(K¯ +∆K)(U¯ +∆U) = f¯ +∆f . (3)
When the parameter bias variabilities are small, the second-order trace ∆K∆U can be ignored. Thus Eq. (3) can be
rewritten as
K¯ U¯ = f¯ or U¯ = K¯−1 f¯
K¯∆U = ∆f −∆U¯ (4)
where: K¯ , U¯ and f¯ are spatially variable parameters which are replaced by their representative values (mean values); and
∆K ,∆U and∆f represent the deviatoric parts.
The Neumann expansion [11] of K−1 takes the following form with P = K¯−1∆K :
K−1 = (K¯ +∆K)−1 = (I− P + P2 − P3 + · · ·)K¯−1 (5)
where I is the unit matrix; for Monte Carlo random sampling, the stiffness matrix only has∆K changed.
We introduce Eq. (5) into Eq. (2) and combine with Eq. (4), and then the solution vector U is represented by the following
series:
U = U¯ − PU¯ + P2U¯ − P3U¯ + · · · . (6)
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Assume that U¯ = U0, Uj = (−P)jU0; the recursive equation can be obtained as
U = U0 − U1 + U2 − U3 + · · · (7)
Uj = K¯−1∆KUj−1 (j = 1, 2, 3 . . .). (8)
In the Monte Carlo simulation, the most outstanding feature is that matrix factorization is required only once for all
samples; thus the computational time and costs can be reduced considerably. In addition, due to the randomness of input
random sequences, the stress vectors of element nodes also undergo random changes, which will result in random changes
of the Von Mises stresses of nodes. The Von Mises stresses of nodes will also obey a certain probability distribution.
2.3. The probability distribution of Von Mises stresses
When themean of random variables is input into the finite element program for calculating VonMises stresses, the value
of each node is constant. According to the fourth strength theory, the Von Mises stress of an element node is not allowed to
surpass the material yield limit strength. The limit state equation of each node is expressed by
gi(X) = σSi − σVMi (9)
in which σSi is the material strength, and σVMi is the Von Mises stress; if gi(X) < 0, failure will occur.
If the finite element program calculates n times with random sequences, each element node has n samplings, and the
failure probability of each element node can be obtained by importance sampling as follows [18]:
Pi ≈ 1n
n−
j=1

I[gi(xj) ≤ 0] fi(xj)Pϑ (xj)

(10)
where I[gi(xj)] is the hint function, Pϑ (xj) is the importance sampling probability density function, and fi(xj) is the joint
probability density function of σSi and σVMi.
The failure of an arbitrary node of a component may cause the failure of the entire component. According to the series
system failure model, the failure probability of components is defined by
Pf = P

m
i=1
Pi

(11)
wherem is the total number of element nodes.
Although the above method is objective, it is difficult to carry out. Because a physical structure generally consists of tens
of thousands of finite nodes, one calculates the failure probability of each node first, then obtains the failure probability
from the series of all nodes. This approach will result in the accumulation of the small errors for each node into a large error.
Also, the computational cost can be difficult to accept. Therefore, it is necessary to conduct statistical analyses of Von Mises
stresses of element nodes to make the method more efficient and feasible.
A statistical analysis approach is proposed for solving the above problem. The main steps are as follows:
1. According to the distribution types for the variables and the parameter values, utilize numerical simulation software to
generate random sequences and save them in files, and then load the files into the finite element program for calculating
the random sequences of Von Mises stresses.
2. Design an interface program, then obtain n sets of samplesm, where n is the number of loops, andm is the total number
of element nodes.
3. Conduct statistical analysis on the n sets of samples m, and then obtain the probability density function fn(X) by curve
fitting.
4. Establish the integral function of the failure probability with the probability density function of the stress fn(X) and the
probability density function of the material strength fR(X).
5. Conduct integration for the failure interference area, if it can be integrated. Using the importance sampling of Eq. (10),
the failure probability of the components can be obtained.
Using the abovemethod for the stochastic finite element calculation andmathematical statistics, three rules are obtained:
1. While the components are heated, the Von Mises stress increases with increase of the thermal stress; thus the stress
wave moves right, which means that the failure interference area will increase as shown in Fig. 1.
2. With the increase of the number of loops n, the probability density curve of the Von Mises stress of the element nodes
will converge to S¯; thus the interference region will also have a certain convergence value,∆S.
3. The statistical analysis approach can be employed to estimate the failure probability of complex 3D components.
On the basis of the above conclusions, the proposedmethod has the same rules as the classical failure probability analysis
theory, which is more in line with objective reality, and can be employed to estimate the failure probability of asymmetrical
3D components.
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Fig. 1. Stress–strength interference region schematic diagram.
Fig. 2. Finite element analysis model of the rod.
3. Case studies
3.1. The numerical case
To illustrate the feasibility and accuracy of the proposedmethod, the tension rod, forwhich there is an analytical solution,
will be taken as a case study.
3.1.1. The analytical solution
The radius of the tension rod is r = 5 mm, and the performance function is written as Z = R − F/25π . The material
strength R obeys a normal distribution, and µR = 240 MPa, σR = 20 MPa. The random loading F obeys the extreme-I type
distribution, and µF = 14954.25 N, σF = 314 N. The analytical solution for the failure probability is
Pf = 1− 1√
2π
∫ ∞
−∞
{exp[−exp[−aF (σR · y+ µR − βF )]]} · e− y
2
2 dy (12)
in which βF = µF − 0.577/aF , aF =
√
6/πσF .
Carrying out integration of Eq. (12), we then obtain Pf = 0.00778.
3.1.2. Stochastic finite element analysis
The proposed method was used to calculate the failure probability of the rod. The model is shown in Fig. 2. The element
nodes numberm = 2301. According to the extreme-I distribution and parameters µF = 14954.25, σF = 314, we generate
69030 random samples.
Fig. 3 shows the convergence trend for the calculated values from 30 runs of the finite element calculation. The speed of
convergence of the calculated values is very fast, as Fig. 3 shows. At the thirtieth run, Pf = 0.00762; the relative error with
respect to the analytic solution is only 2.05%, which means that the finite element calculation with 30 runs can meet the
requirements of general engineering.
3.2. An engineering application
A cyclone separator is key equipment for a catalytic cracking unit. In a chemical plant, a cyclone broke while working.
The tensile test results obtained through sampling and testing showed that the high temperature strength had already
decreased significantly. Metallographic tests showed that the cyclone separator shell has a lot of needle-like σ phases, from
whichwe can conclude that the fracture toughness of the shell has also decreased significantly.Will the other fifteen cyclone
separators in the catalytic cracking unit breakwhile they areworking? Is the unit reliable? It is necessary to carry out a failure
probability analysis.
3.2.1. 3D modeling
As the cyclone separator is an asymmetrical 3D solid, a full model was established for analysis. Firstly we used Pro/E to
build the full 3Dmodel according to the design plan. Thenwe obtained amesh, and 56321 nodes and 29940 solid elements.
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Fig. 3. Convergence trend of calculated values with number of simulation runs.
Fig. 4. Function relation between the elastic modulus mean and the temperature.
Fig. 5. Function relation between the expansion coefficient mean and the temperature.
3.2.2. Loading and constraint conditions
The cyclone separator is subjected to self-gravity G = 45481 N, pressure P(MPa), and thermal stress Fr(MPa). The Von
Mises stress of the element nodes is the superposition of all loading stresses. Assume that G is a constant, P obeys the normal
distribution N(0.3, 0.012), the distribution interval of the temperature is [22, 780] °C, the material elastic modulus mean
value changes with the temperature T as shown in Fig. 4, and the relation between the expansion coefficient mean value
and the temperature T is as shown in Fig. 5. The top of the cyclone separator is constrained and the bottom is free.
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Fig. 6. Probability density distribution of the material strength.
Fig. 7. Von Mises stress distribution of the cyclone separator.
3.2.3. The solution and analysis
Fig. 6 shows the experimental results for the material strength in the temperature interval [22, 780] °C. Through sample
testing with MATLAB, all samples of material strength are found to obey the normal distribution N(207.8, 792), while at the
design temperature T = 780 °C they obey N(182, 47.72), at the working temperature T = 710 °C they obey N(231, 73.22),
and at room temperature T = 22 °C they obey N(237, 99.82).
The probability density distribution of the material strength is written as follows:
f (r) = 1
σ · √2π exp

−1
2

r − µ
σ
2
. (13)
Fig. 7 shows the VonMises stress distribution for the cyclone separator at the temperature 710 °C. At this temperature value,
sampling values of random variables from 30 runs were substituted into the finite element program for the calculation,
then the Von Mises stress samples (numbering 1689630) were statistically analyzed and the probability density function
was obtained, as shown in Fig. 8.
The probability density of the Von Mises stress shows a bimodal distribution. By using Lorentz multimodal fitting, the
fitting function is obtained as follows:
f (s) =

f1(s) = 8.68077
4(s− 108.38675)2 + 10.006892 s ≥ 74
f2(s) = 27.05134
4(s− 13.34937)2 + 19.523482 s < 74.
(14)
The stress–strength probability density interferencemodelwas established to obtain the failure probability of the cyclone
separator:
Pf =
∫ +∞
−∞
f (r)
[∫ +∞
r
f (s)ds
]
dr
=
∫ 74
−∞
f (r)
[∫ 74
r
f2(s)ds+
∫ +∞
74
f1(s)ds
]
dr +
∫ +∞
74
f (r)
[∫ +∞
r
f1(s)ds
]
dr
= 0.001220+ 0.006614+ 0.020296
= 0.02813. (15)
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Fig. 8. Von Mises stress–strength probability density.
Fig. 9. Convergence trend of calculated values with the number of simulation runs.
Assume that the material strength obeys the normal distribution N(215, 21.52), which is the value for a new material;
its failure probability is only 0.6775%, but after long service times, the discreteness of the material strength of the cyclone
separator is great, namely, the standard deviation increases, whichmakes the failure probability increase a lot, up to 2.813%.
To illustrate the calculation error, the failure probabilities for different numbers of simulation runs were calculated, and
curve fitting was carried out. With the increase in the number of simulation runs, the calculated values gradually converge
to the exponential fitting curve shown in Fig. 9. The curve function is as follows:
f (x) = 0.0282+ 0.00456 exp(−x/4.97257). (16)
The convergence value is f (+∞) = 0.02812.
The relative error of a simulation with 30 runs is δerr = 100%× |0.02813− 0.02812|/0.02813 = 0.0355%.
Similarly, the failure probability values at several other temperature values were also calculated and their trends are
shown in Fig. 10. With temperature increasing, the failure probability increases, but the rise is slow before reaching
the working temperature 710 °C. But on reaching the designed temperature 780 °C, the failure probability values rise
significantly, up to 5.3538%. The reason is that the mean value of the material strength has dropped drastically at this
temperature, down to 182 MPa. Therefore, over-temperature phenomena must be strictly controlled in order to guarantee
the safety of cyclone operation while in operation.
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Fig. 10. Trends of failure probability in the interval [22, 780]/°C.
4. Conclusions
An efficient 3D stochastic finite element method for the failure probability analysis of high temperature components
subjected to random loadings was presented in this paper. Meanwhile, the secondary development technology of ANSYS
and MATLAB was employed to carry out the 3D parametric modeling, solving and statistical analysis for the Von Mises
stresses of element nodes. The main conclusions are as follows:
(1) The proposedmethodhas the same rules as classical failure probability analysis theory,which can be generally employed
to estimate the failure probability of asymmetrical 3D components.
(2) The numerical case study shows that the proposed method is feasible and accurate. In addition, the failure probability
analysis of a cyclone separator illustrates that the proposed method can be carried out in engineering.
(3) The secondary development technology of ANSYS and MATLAB provides an efficient approach for implementing the
calculation andmathematical statistics for VonMises stresses. Taking full account of all the element nodes of a 3D solid,
the calculated values of the failure probability would be more in line with reality.
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